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Overview 
• P-wave attenuation equations 

• Used for real-time magnitude estimations 
• Empirically derived (up to now) 

 
• Deriving P-wave theoretical attenuation laws 
• Relying on well established models 

• Brune omega-squared model 
• Parseval’s theorem 

• Verification against Japan and California data 
• Implications for Earthquake Early Warning (EEW) 
• Prospective 



Theory 

• Brune omega-squared model 

• Velocity 
 

• Displacement 
 Ω 𝜔 =

Ω଴

1 + 𝜔
𝜔௢

ଶ Ω̇ 𝜔 =
𝜔Ω଴

1 + 𝜔
𝜔௢

ଶ 

𝜔 = 2𝜋𝑓: Frequency 
Ω 𝜔 : Displacement spectral amplitude 
Ω̇ 𝜔 : Displacement spectral amplitude 
Ω଴: Low Frequency plateau 
𝜔଴ = 2𝜋𝑓଴: Corner frequency 

Source Spectra 

𝛀𝟎 

𝝎𝟎 

~𝝎 

~𝝎ି𝟐 

~𝝎ି𝟏 

Brune (1970) 



• Velocity 
 

• Displacement 
 Ω 𝜔 =

Ω଴

1 + 𝜔
𝜔௢

ଶ Ω̇ 𝜔 =
𝜔Ω଴

1 + 𝜔
𝜔௢

ଶ 

Theory 
Source Spectra 

𝛀𝟎 

𝝎𝟎 

~𝝎 

~𝝎ି𝟐 

~𝝎ି𝟏 

Brune (1970) 



𝑀଴: Seismic moment 
𝑈ఝఏ: Radiation pattern 
𝐹௦: Free surface correction 
𝜌: Density 
𝐶௉: P-wave velocity 
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𝑘: Constant 
𝐶ௌ: S-wave velocity 
𝑟: Rupture radius 
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𝑀଴: Seismic moment 
𝑈ఝఏ: Radiation pattern 
𝐹௦: Free surface correction 
𝜌: Density 
𝐶௉: P-wave velocity 
𝑅: Hypocentral distance  
𝑘: Constant 
𝐶ௌ: S-wave velocity 
𝑟: Rupture radius 
Δ𝜏: Stress drop 

Eshelby (1957) 



• Time domain rms: 
 
 

• Parseval’s theorem: 
 
 
 
 
 
 
 
 

𝑦(𝑡): Time series 
𝑌(𝑓): Fourier transform of 𝑦(𝑡) Theory 
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• Time domain rms: 
 
 

• Parseval’s theorem: 
 
 
 
 
 

• Time Window: 
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• Japan 
• K-net + KiK surface 
• 353 accelerograms 
• 42 earthquakes 
• 5.1<M<7.3 

 
• California 

• CISN 
• 403 velocity seismograms 
• 120 earthquakes 
• 4<M<5.7 

Validation 
Data 
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• 𝑘 = 0.32 
• 𝜂 = 1 8⁄   𝑠 𝑘𝑚⁄  
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• 𝑀௢, 𝑅 – Catalog 
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𝐴𝑍, 𝐴𝐸, 𝐴𝑁: Velocity or Displacement samples 
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• Recalling Eshelby: 
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• Condition:  
 

 
 
 

 
 
 
 

• 67% of data satisfies the condition  
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• Displacement 
• 𝑃𝑑 = 2.0 ±0.5 𝑑௥௠௦ 

 

Validation 

• Velocity 
• 𝑃𝑣 = 2.3 ±0.5 𝑣௥௠௦ 

 

Implications for EEW: rms to Peak Amplitude 

𝑃𝑑  𝑜𝑟  𝑃𝑣 = max 𝐴𝑍௜ଶ + 𝐴𝐸௜ଶ + 𝐴𝑁௜ଶ   



Validation 

• Characteristic period 
• Real-time magnitude proxy 

• 𝜏௖ − 𝑃𝑑 EEWS 

Wu and Kanamori (2005) 

𝜏௖ ≝ 2𝜋
∫ 𝑢ଶ𝑑𝑡௧బା୼௧
௧బ

∫ 𝑣ଶ𝑑𝑡௧బା୼௧
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𝑢: Displacement time series 
𝑣: Velocity time series 

Implications for EEW: 𝜏௖ 
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Discussion 
Magnitude Estimations 

• Attenuation laws show: 

𝑑௥௠௦ ∝ Δ𝜏ଵ/଺𝑀଴
ହ/଺𝑅ିଷ ଶ⁄  

𝑣௥௠௦ ∝ Δ𝜏ଵ/ଶ𝑀଴
ଵ/ଶ𝑅ିଷ ଶ⁄  
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Conclusion 
• New theoretical attenuation laws 

• Provide source parameter weightings 
• Better stress drop and seismic moment understanding 

• New stress drop estimation schemes 
• Verified for Japan and California 
• Earthquake Early Warning (EEW) implications 

• Little calibration needed 
• 𝑟𝑚𝑠 – peak amplitude relation 
• 𝑑௥௠௦

ଵ.ହ/𝑣௥௠௦
଴.ହ magnitude estimation 

• 𝜏௖ = 1/𝑓଴ 
• prospective 

• Stress drop estimation 
• Ground motion prediction equation 


